The perturbative treatment of dark matter in structure formation relies on the existence of a well-defined expansion parameter, k/kNL, with kNL signalling the onset and ultimately the leading role of non-linearities in the system. Cosmologies beyond the ΛCDM model often come with additional degree(s) of freedom. The scale kV at which non-linearities become important in this additional sector(s) can be rather different from kNL. For theories endowed with a Vainshtein-type screening mechanism, kV sets the scale where screening becomes efficient and restores continuity with the predictions of general relativity. This is precisely the dynamics that allows such theories to pass existing observational tests at scales where general relativity has been tested with exquisite precision (e.g. solar system scales). We consider here the mildly-non-linear scales of a dark matter component coupled to a galileon-type field and focus in particular on the case of a kV < kNL hierarchy. We put forward a phenomenological framework that describes the effects of screening dynamics on large scale structure observables.
Introduction
The discovery in 1998 1,2 that the Universe is undergoing a period of accelerated expansion has been a momentous one for modern cosmology. General relativity with the help of a simple cosmological constant (c.c.), Λ, is able to account for such acceleration. However, the value Λ obs inferred from observations is at odds with the expectation that any contribution to the vacuum energy (e.g. from Standard Model particles) would also automatically contribute to the cosmological constant, setting a lower bound for the c.c. which is many orders of magnitude above Λ obs . This giant mismatch is know as the c.c. problem 3 . Several ideas have been put forward to make sense of late-time acceleration: from the presence of extra scalar field(s) driving acceleration (much like for inflationary models), to infrared modifications of gravity, to an anthropic perspective on the value of Λ obs , the latter being best understood within the string theory landscape program 4 . In what follows we will focus on infrared modifications of gravity. These often come with extra degrees of freedom driving the acceleration. The key point is that gravity is well-tested in highdensity, small-scale, environments such as the solar system, but there are far less constraints at cosmological scales 5 . So long as a mechanism (i.e. screening) is in place that allows significant extra dynamics at large scales and suppresses it at smaller ones, gravity is modified only in the infrared and the corresponding model can be viable.
The quasi-linear regime of structure formation and beyond-ΛCDM physics
The dynamics of the extra fields in beyond-ΛCDM theories is then expected to be most evident at large scales and to impact structure formation. For sufficiently small scales, screening will restore LSS to its ΛCDM dynamics. In Vainshtein theories 6 , screening is an intrinsically nonlinear phenomenon and becomes efficient when non-linearities in the "Vainshtein" sector become relevant. Let 
The relations in Eq. (1) Under certain simplifying assumptions, exact solutions exist for this system 13 : within a certain radius from the source, known as Vainshtein radius r V , the fifth source is suppressed and ΛCDM behaviour is recovered; for r > r V there are order one differences from standard DM dynamics and structure formation. The scale k V is the natural counterpart of Vainshtein radius in Fourier space. Let us inspect this quantity more closely by writing explicitly the cubic galileon equation of motion:
It is clear that the momentum k V above which the non-linear piece becomes important will depend on: (i) the "universal" quantity Λ, inherited from the Lagrangian c and not to be confused with the cosmological constant; (ii) the background time-evolution of the field φ and (iii) the source, just as is the case for r V . The asymptotic k-behaviour of our system in Eqs. (1,2) is then clear: -for k k V , recalling that k V < k NL , perturbation theory (PT) is consistent both in k/k V and k/k NL and one expects O(1) modifications to DM dynamics; -for k k V instead, ΛCDM is recovered. In the absence of exact solutions, how do we describe the transition between these two regimes? d Clearly, given an order one expansion parameter k/k V 1, an exclusively-perturbative approach is not appropriate. We will then resum the expansion in k/k V . In order to do so, we will focus on a specific observable such as the power spectrum of the total density contrast and assume a perturbative solution (in k/k V , k/k NL ), namely P (n) pert , is available up to a given order. Formally, the resummation in k/k V can be written as
where we have introduced the kernels K N n to account for the resummation. The reader might recall that a similar formulation has been used in the context of the so-called baryonic acoustic a Galileons naturally emerge in theories such as massive gravity 7 and DGP 8 . They provide the most natural realization of Vainshtein/kinetic screening.
b Already a minimally coupled scalar, such as in quintessence models, can modify the dynamics at large scales 9,10,11,12 . However, the difference between the linear and highly non-linear regimes is less striking in such cases.
c In the case of massive gravity, for example, one finds Λ ≡ Λ3 = (m 2 M Pl ) 1/3 , with m the bare graviton mass. d Note that, crucially, the unscreened ↔ screened transition can occur already at quasi-linear scales in the sense of the k/kNL expansion.
oscillations (BAO) resummation scheme 14, 15, 16 . The physics under scrutiny here is of course rather different from BAO dynamics but the key idea, namely the existence of an O(1) parameter whose PT needs to be resummed, is the same. In our setup we find it convenient to simplify Eq. (4) to
where
ΛCDM . The asymptotic behaviour of our coupled system, together with the symmetries of the problem, suggest the following form for the kernels:
We pause here to note that the phenomenological nature of our approach is underscored by the following facts: (i) we are not deriving the kernels from first principles but rather putting them forward on the basis of asymptotic behaviour and symmetries; (ii) we are choosing a constant k V and accounting for its time dependence through the coefficients α m (τ ); (iii) in an exact derivation one would expect the kernels to be applied directly at the level of the fields rather than on observables such as the power spectrum (the latter would be proportional to a convolution of kernels).
Let us now add a rather technical ingredient to our framework:
with the last term being the (N − n)−th order Taylor expansion of the inverse of the reduced kernel K N , function of time and k/k V . Eq. (7) outlines the need for both an "N" and "n" indices in the kernels: N stands for the PT order we are working at and n refers to the expansion in k/k V : as we go higher in PT (higher N ), more of the screening is captured already perturbatively and so the N -dependence in the kernels ensures that no "double counting" (perturbative plus re-summed) of screening contributions takes place. The same line of reasoning leads one to favour the Gaussian kernel over the Lorentzian one in Eq. (6) . Let us specialize to Gaussian kernels and spell out the action of our screening "filter" on observables such as the power spectrum:
Under extra assumptions e we are able to illustrate, by means of Fig. (1) how the fractional difference between a fully-screened total power spectrum and the ΛCDM power spectrum would look like when Vainshtein screening takes place at k V = 0. 
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e Specifically, the following relations are assumed to hold: ∆P (0) ∼ P
ΛCDM and ∆P (n) ∼ k 2 ∆P (0) ∼ k 2 P
ΛCDM . See 17 for further details on this point. 
